The six vertices in order on the hexagon are marked 1,2,3,4, 5, 6. On the broken line of the secondary segments insert the letters a, 6, c, d, e, ƒ, in order, a being the vertex of the triangle whose base is the primary segment 12. Mark the three intersections of the three pairs of opposite sides of the hexagon L, M, N, in the same cyclic order, L being the intersection of the pair of opposite sides 12 and 45. Mark the six intersections of the seventh line or secant as p, q, r, s, t, u. Name the six lines forming the hexagon h, h, h, h, h, U and the seventh line h. Two subdivisions of the problem are considered : Case I and Case IL CASE I. The seventh line crosses the hexagon, intersecting two primary segments, two secondary segments, and two tertiary segments. In the hexagon the two primary segments may be (i) adjacent sides, (ii) alternate sides, (iii) opposite sides.
CASE II. The seventh line lies outside the hexagon and intersects (i) six tertiary segments, (ii) four tertiary and two secondary segments, (iii) two tertiary and four secondary segments.
CASE I (i). The seventh line enters the hexagon across a triangle, for example the triangle al2, and cutting the segments al, 12, emerges from the hexagon across the consecutive side 23 and must cut the segments 3&, cL, fM. In the pentagonal subdivision of seven real lines in a plane, H. S. White has employed a unique mark for any secant in a system of lines by means of the contiguous line-segments which that secant crosses. Two segments are contiguous if they have a common extremity, and in determining the mark of a secant contiguous segments are written so as to form a continuous broken line. For example the line h crosses the contiguous segments al, 12, 23, 3b and two separate segments cL,fM, and the mark for the line Z 7 is written h (al23b-cL>fM) or for brevity Z 7 (4-ll). The line Z 7 intersecting two consecutive sides of the basic hexagon divides the hexagon into a triangle and a heptagon. In this heptagon the seventh line and the initial six lines now occupy similar roles, each being a side of the heptagon, hence we know, without further examination, that all seven lines have the same mark (4-1-1). This system designated as system (1) 
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CASE I (ii).* The seventh line or secant enters the hexagon across the segments al, 12 but emerges across the side of the hexagon 34, alternate to the side 12, and entering the triangle c34 may leave the triangle across 3c or 4c. The path across 3c is unique and the secant cuts the six segments al, 12, 43, 3c, cL, f M and the mark of this line 7 7 (al2-43cL-/Af) is / 7 (3-2-l). This investigation is concerned primarily with the development of a necessary and sufficient test for the equivalence or non- FIG. 1. System (2) equivalence of two systems of seven real lines in a plane, where two systems are equivalent if a one-to-one relation exists between the lines and polygons of the two systems. The line / 7 (3 -2-1) of system (2) cannot be transformed into any line with the mark (4-1-1) and therefore system (2) is not equivalent to system (1). However, for purposes of comparison with other systems, it is necessary in some cases to have all seven marks of each system and the marks of system (2) consist of four of this new kind (3-2-1) and three of the first kind (4-1-1), and system (2) h crosses the segments al, 12, 34, 4c into the quadrilateral AcMdy two paths of exit are possible, either across the side cM adjacent to 4c or across the segment dM opposite to 4c, and the two paths must be examined. On the first path the six segments cut by the secant are al, 12, 34, 4c, cM, Mf and the mark of the secant is h(al2-34:cMf) = (4, 2). This mark does not occur in system (1) nor in system (2) and belongs to a new system (3) with the characteristic (5 • 1) + (4 • 2) 2 + (4 • 1 • 1) + (3 • 2 • l) 3 . Examination of the second possible path across 4c gives a system (3') with the same characteristic as that derived for system (3). A comparison now of the seven marks of these two systems determines very easily the substitution S which transforms system (30 into system (3)
, namely, S = (U) (23) (56) (ac) (b) (df) (e) (LN)(M)(pq)(ru)(st).
CASE I (iii). The seventh line crosses that hexagon on two opposite sides 12 and 45, and the investigation of all possible paths shows the existence of three new non-equivalent systems (4), (5) and (6) tabulated below in Table I. CASE II (i). The secant crosses six tertiary segments giving rise to two non-equivalent systems designated in the following table as (7) and (8). In system (7) the three Pascalian points L, My N all lie on the same side of the seventh line, and the seventh line crosses the three quadrilaterals of the second type and three consecutive quadrilaterals of the first type. In system (8) the points Z, My Ndo not all lie on the same side of the seventh line, and the seventh line crosses the three quadrilaterals of the second type and three alternate quadrilaterals of the first type. CASE II (ii). The seventh line crosses two secondary segments and then may cross four tertiary segments over two different paths, giving rise to two systems (3i) and (3 2 ) each of which is equivalent to system (3). This result was to be expected since in system (3) a second hexagon, including the line Z7, exists, which may be used as basic hexagon. If the segments are renamed with respect to this second hexagon the secant line, now hi crosses four tertiary and two secondary segments. CASE II (iii). The path of the seventh line across four secondary segments and two tertiary segments is unique and gives rise to one system (2 X ) which is equivalent to system (2), a result in agreement with the fact that system (2) contains also a second hexagon.
4. Table of Non-Equivalent Hexagonal Systems. In the following Table I , the marks for each of the eight non-equivalent hexagonal systems are given and also, incidentally, the actual polygonal division of the projective plane, satisfying of course the Euler equation n 2 -n + 2 *7 + *6 + S5 + *4 + Sz = > 2 where Si, the number of polygons of i sides,, is tabulated for each of the eight systems. The three non-equivalent systems, derived by H. S. White in the pentagonal subdivision of his paper,* have been adjoined in Table I for convenience in comparison, and are designated here as (9), (10), (11). Table I . The numbers listed for the polygonal divisions of the plane for these eight hexagonal systems agree with the result of this investigation, that the eight systems are non-equivalent, and the same fact is true for the table of the pentagonal systems. However, a comparison of the two parts of the table shows that systems (6) and (10) have the same polygonal numbers 4, 10, 8, and hence that equality of polygonal numbers is a necessary but not a sufficient condition for the equivalence of two systems. The characteristics of these two systems, however, show immediately that the two systems are non-equivalent. The non-equivalent systems (4) and (10) also have equality of polygonal numbers.
